and substitute into it from (16) we obtain by virtue of (10) 4The indices are raised and lowered by means of h s' and hx,. '
the Schr6dinger equation, appears as a limit of a representation of the inhomogeneous Lorentz group and also gives the reason why no physical interpretation is possible for the real representations of that group.
I. CONTRACTION OF GROUPS
Let us consider an arbitrary Lie group with n parameters a' and infinitesimal operators 1t. These 'shall be given, as usual by It = lm g(he) -g(O)
(1) (2) If we subject the It to a linear homogeneous non-singular transformation, the C will be replaced by other constants. These are obtained from the C by contragradient transformations of its upper and lower indices. However, such a transformation has, naturally, no effect on the structure of the group. Let us denote the transformation in question by J= it U,,.
It corresponds to the transformation at= E Ui bK (3a) according to which the J are obtained by the same equation (1) as the I, except that the e, have to be replaced in it by a similar quantity, defined with respect to the b. The above transformation may lead to a new group only if the matrix U of (3) is singular. We shall call the operation of obtaining a new group by a singular transformation of the infinitesimal elements of the old group a contraction of the latter. The reason for this term will become clear below. The singular matrix will be a limiting case of a non-singular matrix. The latter will depend linearly on a parameter e which will tend to zero: Ui = u , + eu.1p. (4) For 0 < e < Eo the determinant of (4) is different from zero, it vanishes for C = 0.
We shall transform (4) The number of rows and columns in the unit matrix in u, and in v, is equal to the rank r of u. It is advantageous to label the transformed J and I with a pair of indices, the first referring to the subdivision of u given in (5), the second specifying the various J and I within that subdivision. Hence, (3) assumes the form r ill = II,+ eEVM 1
J2A= 42, (V= 1,2, ... ,n -r)
The corresponding transformation of the group parameters is t a,P = bl, + eE v,sb1,
, 1 (6a) a2, = eb2,.
(v= 1,2,..., n-r)
It is well to remember that the parameters a lead to the infinitesimal elements I, the parameters b to the J. The last equation shows that a given set of parameters b correspond, with decreasing e, to smaller and smaller values of the parameters a2. In the limit e = 0 (if such a limit exists), one will have contracted the whole group to an infinitesimally small neighborhood of the group defined by the a,, alone. This justifies the name given to the process considered.
The transformation of the infinitesimal elements which we carried out also changes the structure constants and we shall write for (2) 
C2V. 21&= C2,,2P = 0.
These structure constants satisfy Jacobi's identities since the structure constants for the J do this for non-vanishing e. We shall say that the above operation is a contraction of the group with respect to the infinitesimal elements 11, or that the infinitesimal elements 12,, are contracted. We then have, from (9). THEOREM 1. Every Lie group can be contracted with respect to any of its continuous subgroups and only with respect to these. The subgroup with respect to which the contraction is undertaken will be called S. The contracted infinitesimal elements form an abelian invariant subgroup of the contracted group. The subgroup S with respect to which the contraction was undertaken is isomorphic with the factor group of this invariant subgroup. Conversely, the existence of an abelian invariant subgroup and the possibility to choose from each of its cosets an element so that these form a subgroup S, is a necessary condition for the possibility to obtain the group from another group by contraction.
It is easy to visualize now the effect of the contraction on the whole group. The subgroup S with respect to which the contraction is undertaken remains unchanged and it is advantageous to choose the group parameters in such a way that a2, = 0 throughout S. Thk2n (6a) can be replaced by a,, = b1, a2,= Eb2, (6b) and this can be assumed to be valid throughout the whole group, not only in the neighborhood of the unit element. As e decreases, a fixed range of the parameter b will describe an increasingly small surrounding of S. As e tends to 0, the range of the b2, will become infinite and describe only those group elements which differ infinitesimally from the elements of S. The elements which are in the neighborhood of the unit element of the original group but have finite parameters b2, will commute and form the aforementioned commutative invariant subgroup. Naturally, the elements of this invariant subgroup will not commute, in general, with the elements of the subgroup S: the change of the parameters a2, = eb2, will be, upon transformation by finite elements of S, of the same order of magnitude as these parameters themselves. Naturally, the convergence (6) to the infinitesimal elements of a representation of the group to be contracted, and lets e tend to zero, the J2, will also tend to zero. The representation will become isomorphic to the representation of the subgroup S, i.e., will be a representation of the factor group of the invariant subgroup. In order to obtain a faithful representation, one must either subject the J2, to an e dependent transformation, or consider the J2, which correspond to different representations, e.g., go to higher and higher dimensional representations as e decreases. We shall give examples for both procedures.
(a) Representations of the Contracted Group by Means of e Dependent Transformations.-The first procedure is applicable only if the infinitesimal elements are not bounded operators, i.e., as far as irreducible representations are concerned, only if the group is not compact. The simplest noncompact non-commutative group is that of the linear transformations x' = eax + #. The general group element is°Oa = T(Q)R. with the group relations T(fl)T((3') = T(8 + a'); RaRa, = Ra+a, and R.T(3) = T(ea1)Ra.
The only faithful irreducible unitary representation of this group can be given in the Hilbert space of square integrable functions of 0 < x < co:
Ri{,(X) = e(1/2)f4,(eax) T,94,(x) = e"x4,(x).
(10) The simplest non-commutative compact group is the three-dimensional rotation group. All its subgroups are one parametric, we shall contract it with respect to the rotations about the z axis of a rectangular coordinate 516 system of ordinary space. The contracted group is the Euclidean group of the plane, i.e., the inhomogeneous two-dimensional rotation group. We shall choose for D(l) the representation which is usually denoted2 by D(: it is 21 + 1 dimensional (I being any integer) and is usually described in a space the coordinate axes of which are labeled with m = -1, -I + 1, l.
. I -1, 1. Hence, we label the coordinate axes of Hilbert space with all integers m from -Xo to c. In keeping with our previous notation, we call the infinitesimal element which corresponds to rotations about the z axis M2 = I,. One can then write for ml 1, |m' < . 2) = v2 (20) whence one can write <(x, y) -fe-i2-(xcos a' + ysin a') g(a')dai' (20a) = f8e-iZr cos (a -a') g(a')da' f,r-ixrcos a'g(ag -a')da'. p(a,r) 2wE ei-me -imaJm(Zr).
(21)
Because of (19a), one can write down at once the finite group operations. In particular, for the displacement T(t, a) by t and q in the x and y directions one has T(Q, ) ?p (x, y) = p(x -, y -i). It is the inhomogeneous Galilei group with one spatial dimension. The transformations x' = x + vt + bx, t' = t form the commutative invariant subgroup.
The same contraction can be carried out for an inhomogeneous Lorentz group with an arbitrary number of spatial dimensions. The only difference is that the subgroup S, with respect to which the contraction is carried out, contains not only the displacements in time as in the above example, but also all purely spatial rotations, i.e., all homogeneous transformations Contraction of the Unitary Representations of the Lorentz Groups.-We shall be principally concerned here with the group of the special theory of relativity, i.e., the inhomogeneous Lorentz group with three space-like and one time-like dimension. The subgroup S with respect to which we shall contract it contains the displacements in time, the spatial rotations, and the products of these operations. The contracted group is the ordinary Galilei group, i.e., the group of classical mechanics.
We shall denote the displacement operators in the direction of the three space-like axes by Ik (k = 1, 2, 3) We go over now to the investigation of the simplest representation with positive P, i.e., the representation of the Klein-Gordon equation. The infinitesimal operators are again given by (28a), (28b), (28c). However, since P is positive, the variability domain of the p extends over the whole three dimensional space. The scalar product of two functions so and 0 is now given by (v,, *) = fff dp, dP2dp3 pN' @P (32) in which po is still given by (29).
If we set, in the sense of (6), It is possible, however, to contract these representations to representations up to a factor of the Galilei group. The commutation relations of the infinitesimal elements of representations up to a factor differ from the commutation relations of real representations by the appearance of a constant in the structural relations. Hence [JO, J,] = Ec-C J. + bl,h1 (34) where cy are the structure constants of the group to be represented (in our case, the inhomogeneous Galilei group) and the ba,,1 are multiples of the unit operator. One will, therefore, obtain infinitesimal elements of representations up to a factor if one sets, instead of (6) 
in which all a may depend on e. Since the additional terms in (34a) commute with all other operators, these additional terms will not affect the left side of (34). Hence, they must be compensated also on the right side and this is done by the additional terms b%,01. The point of introducing the terms al in (34a), which then necessitates the introduction of the b in (34), is that the right sides of (34a) may converge to finite non-vanishing operators even if the I,,, U2, cannot be made to converge.
The above generalization of the concept of contraction indeed allows a contraction of the representations given by (28a), (28b), (28c) also for P > 0. As we let P go to infinity, Io will also tend to infinity ((Io(p, Iosp) converges to infinity for all p). However, subtracting -ipl/2 1 from Io, it will converge to The reader familiar with the transition from the Klein-Gordon to the Schr6dinger equation will recognize the increase of the rest mass with increasing c and the elimination of this rest mass by the subtraction of -iP'121 from the infinitesimal operator of the time-displacement operator. The infinitesimal operators (37.1), (37.2) for the contracted group are in fact those of Schrodinger's theory. It is likely that a similar contraction is possible also for the other representations with positive rest mass (i.e., P > 0) but this and the behavior of the representations with P = 0 will not be further discussed here.
1 Segal, I. E., Duke Math. J., 18, 221 (1951).
